An adiabatic shear band (ASB) is a narrow region of intense plastic deformation that forms when some metallic alloys and some polymers are deformed at high strain rates and there is not enough time for the heat generated by plastic deformations to diffuse away. The study of ASBs is important because an ASB is a precursor to shear/ductile fractures. Initial-boundary-value problems simulating the initiation and propagation of an ASB have been analyzed usually using the finite element method (FEM). Because of the large plastic strains involved, the FE mesh needs to be refined several times to delineate the ASB width. Each refinement requires, in turn, interpolation of data from the previous mesh to the new one which causes a smoothening of the sharp gradients of the deformation fields, and affects characteristics of the ASB. In this paper, we propose the application of the finite element method with piecewise discontinuous basis functions for studying the occurrence of ASBs in simple shearing deformations of a body composed of an isotropic and homogeneous thermo-elastoviscoplastic material. The mathematical model of the problem is defined by a system of coupled nonlinear partial differential equations and an inequality constraint associated with the plastic strain rates admissibility.
Introduction
An adiabatic shear band (ASB) refers to the localization of intense plastic deformation into a narrow region that forms in most metallic alloys when they are deformed at high strain rates in processes such as machining, explosive forming, shock impact loading, ballistic penetration, fragmentation, ore crushing, and metal shaping and forming. Whereas it is desirable to delay the initiation and growth of ASBs in most structures, their occurrences in kinetic energy penetrators are promoted since it is believed that they enhance the penetration of the rod into a target by continuously making the penetrator nose shape conical. Several books [1] [2] [3] [4] and review articles [5] [6] [7] have summarized earlier works on ASBs. Here we only mention that the phenomenon was experimentally discovered by Tresca [8] in 1878 and by Massey [9] in 1921 during high strain-rate compressive deformations of a steel block. As pointed out by Tresca and Massey, the dominant mode of deformation in an ASB is shearing. Numerical simulations of plane strain deformations of a block made of a thermo-elasto-viscoplastic material http://dx.doi.org/10.1016/j.apm.2014.04.007 0307-904X/Ó 2014 Elsevier Inc. All rights reserved.
by Batra and Ko [10] and Batra and Hwang [11] , amongst others, have shown that the tangential velocity is discontinuous across interfaces between the ASB and the material surrounding it. However, quantifying this discontinuity in the tangential velocity has been a challenge. We believe that numerically analyzing the problem by using piecewise discontinuous basis functions should enable one to capture this discontinuity. Accordingly, as a first step, we analyze here a simple shearing problem for a thermo-elasto-viscoplastic material.
We note that similar one-dimensional (1-D) problems have been analyzed by the finite element method (FEM) [12] , and meshless methods using basis functions derived by the moving least squares (MLS) [13] and the modified smoothed particle hydrodynamics (MSPH) methods [14] . In each case, and as is done here, the Galerkin formulation of the problem is derived first. The goal of the present work is to show that discontinuous basis functions give as accurate numerical solution of the problem as the FE basis functions employed in [12] . The numerical technique employing the Galerkin formulation of the problem and piecewise discontinuous basis functions is usually called the Discontinuous Galerkin Method (DGM).
The DGM has been used by Reed and Hill [15] to study neutron transport, wave propagation and thermal transport problems. In a DGM [16] the shape functions are chosen so that either the field variable, or its derivatives or both, are discontinuous across inter-element boundaries. The relaxation of the inter-element continuity requirement permits several choices for incorporating different numerical fluxes to enhance the computational performance, and it has the potential of delineating sharp discontinuities in the solution variables. Both h-and p-adaptive mesh refinements can be used in the DGM, and the algorithm can be readily parallelized. Cockburn et al. [17] have summarized recent developments in the DGM, and its applications.
It is shown here that for simple shearing deformations of a thermo-elasto-viscoplastic body containing an inhomogeneity that makes deformations inhomogeneous, the DGM gives as accurate results as those obtained by using the FE, the MLS and the MSPH basis functions. We note that governing equations are highly nonlinear and the coupled ordinary differential equations in time obtained by using the DGM are stiff. The application of the DGM to 2-D problems simulating ASBs and cracks is left for a future study.
Formulation of the problem
We study torsional deformations of a thin-walled circular cylindrical steel tube clamped at the left end and twisted by applying a torque at the right end as shown in Fig. 1a . The problem has been experimentally studied by Marchand and Duffy [18] amongst others. Because of the small thickness of the tube, as was also done in interpreting the test data, we assume that deformations are essentially homogeneous through the tube thickness. In experiments the thin tube has small length as compared to its radius so that it does not buckle. As a first approximation deformations of an infinitesimal element ABCD can be regarded as simple shearing schematically shown in Fig. 1b . Batra and Kim [19] used a similar 1-D model for the problem except that they assumed the tube thickness to vary in the y-direction to simulate a machining defect. Here the effect of a defect is considered by perturbing deformations of the homogeneous specimen. We use rectangular Cartesian coordinate axes exhibited in Fig. 1b to describe deformations of the specimen.
We assume that the tube material is homogeneous and isotropic and account for its strain hardening, strain-rate hardening and thermal softening, and use rectangular Cartesian coordinate axes to describe its deformations. For simple shearing deformations, with material particles moving only in the x-direction, their y-coordinate does not change and all field variables (e.g., the x-velocity, the temperature, the shear stress) are taken to be functions of the space coordinate y and time t. Equations governing transient thermo-mechanical deformations of the body are (e.g., see [1] [2] [3] 
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Here a superimposed dot indicates the material derivative with respect to time t, s the shear stress, q the mass density, v the velocity in x-direction, q the heat flux, c the shear strain, c e the elastic shear strain, c p the plastic shear strain, h the temperature rise, e the specific internal energy, j the thermal conductivity, c the specific heat, w an internal variable, and l the shear modulus. The parameter k describes the work hardening of the material, a is the thermal softening parameter, b and m are the strain-rate hardening parameters, w 0 and n are work hardening parameters, and k 0 is the yield stress in a quasi-static isothermal simple shear test. Since simple shearing deformations are isochoric (i.e., volume preserving) the mass density remains constant during the deformations. Eqs. (1.a) and (1.b) describe, respectively, the balance of linear momentum and the balance of internal energy. Eq. (1.c) is the additive decomposition of the shear strain rate into its elastic and plastic parts, and Eq. (1.d) relates the shear strain rate to the velocity gradient. Eq. (1.e) is Fourier's law of heat conduction with the thermal conductivity, j, taken to be independent of temperature, Eq. (1.f) is Hooke's law in the rate form, Eq. (1.g) is the constitutive relation for the specific internal energy, and Eq. (1.h) is the flow rule with the plastic multiplier, K; given by Eq. (1.j). The plastic multiplier K equals zero when the deformation is elastic and is positive for elasto-plastic deformations. The right-hand side of Eq. (1.i) describes working due to plastic deformations, and its left-hand side has the rate of evolution of the internal variable w. Eqs. (1.i) and (1.j) imply that _ w equals current plastic working divided by the current shear stress of the work-hardened material. For a perfectly plastic material, _ w ¼ _ c p . From Eqs. (1.h) and (1.j) we conclude that the yield surface for the material is given by
Thus the yield (or the flow) stress increases due to strain and strain-rate hardening, and it decreases due to thermal softening.
Recall that the von Mises stress for simple shearing deformations equals ffiffiffi 3 p s. The above-described model of a thermoelasto-visco-plastic material is simplification to simple shear deformations of the constitutive relations for 3-D deformations described in [20] . For 3-D deformations, the time derivatives of vectors and tensors in Eqs. (1) are replaced by their objective rates such as the Jaumann rate. Also, the flow rule given by Eq. (1.i) is replaced by the normality rule stating that the current value of the plastic part of the strain-rate tensor is along the normal to the current yield surface in the stress space, e.g., see [21] . The internal variable w can be interpreted as the effective plastic strain. Equations for 3-D deformations reduce to Eqs.
(1) when the skew-symmetric part of the velocity gradient in the Eulerian description of motion vanishes. Since this is not the case for simple shearing deformations, Eq. (1) can be considered as an approximate model of the simple shearing problem. The approach taken here is similar to that adopted in developing a beam or a plate theory wherein the assumed displacement field rules out satisfying all equations of the 3-D theory. For example, in the Euler-Bernoulli beam theory, both transverse normal strains and transverse normal stress equal zero which is not admissible in the 3-D theory. For simple shearing deformations, normal stresses acting on the top and the bottom surfaces of the specimen and hence in its interior have been tacitly assumed here to have negligible effect on its plastic deformations. These normal stresses for a nonlinear elastic body are generally proportional to square of the magnitude of the shear strain; e.g. see [22] . As shown in [19] this simple model gives results that qualitatively agree with experimental observations, and quantitatively are close to test results.
The shear stress versus the shear strain curves for homogeneous deformations of the material deformed at strain rates of 5 Â 10 5 /s and 5 Â 10 8 /s and uniform temperatures of 35.8 and 71.7°C are shown in Fig. 2 . For a given value of the shear strain, the difference in the shear stress between curves 1 and 3 is due to the strain rate hardening effect, and that between curves 1 and 2 is because of thermal softening. We note that the effect of thermal softening has been exaggerated because of an artificially large value assigned to a in Eq. (20) Thus the left and the right surfaces of the specimen in Fig. 1a are moved in equal and opposite directions with timedependent speed v 0 in the x-direction, and these surfaces are thermally insulated. Initially the body is at rest and at a uniform temperature which is normalized to be zero. We introduce the following non-dimensional variables indicated by a superimposed bar:
Here 2H equals the specimen height in Fig. 1b , and _ c 0 is the average shear strain rate. Substituting from Eq. (4) into Eq. (1) we get Here, q is the non-dimensional heat flux in the y-direction. In terms of non-dimensional variables, the form (e.g., see Eqs. (3.a) and (3.b)) of the initial and the boundary conditions is unchanged.
Because of boundary conditions (3.b) and initial conditions (3.a), we assume that the solution exhibits the following symmetry and anti-symmetry properties: vðÀ y; tÞ ¼ À vð y; tÞ; hðÀ y; tÞ ¼ hð y; tÞ; wðÀ y; tÞ ¼ wð y; tÞ; sðÀ y; tÞ ¼ sð y; tÞ: ð6Þ
Therefore, we solve the problem on the domain [0, 1] using the following boundary conditions:
vð0; tÞ ¼ 0; vð1; tÞ ¼ v 0 ; h ; y ð0; tÞ ¼ 0; h ; y ð1; tÞ ¼ 0:
Numerical solution of the IBVP
The IBVP formulated in Section 2 is numerically solved by using discontinuous basis functions. We first derive a weak formulation of the problem, and then describe the solution methodology.
Weak form
We discretize the problem domain [0, 1] into the union of N disjoint subdomains, X j ¼ ½ y j ; y jþ1 , and call X j the j th element.
Elements X j and X jþ1 share the common point y jþ1 , and using the integration by parts formula, we get Z y jþ1 y j
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Values of the shear stress, s, the velocity v, the heat flux q, and the temperature h at the element boundaries (i.e., nodes j and j + 1) are replaced by the fluxes s, v, q, and h. On
Here N e equals the number of nodes on element X j . N e equals 2 and 3, respectively, for shape functions that are complete polynomials of degree 1 and 2. For N e = 2 and 3, the shape functions are defined below.
/
For the problem being studied, there are 5 Â N e unknowns for an element and the total number of unknowns equals 5 Â N e Â N þ 10 which includes unknowns at the boundaries.
For the test function x ' defined on the jth element, we use the same basis functions as those for the trial solution, i.e., 
Choice of flux
Cockburn and Shu [23] have discussed fluxes for solution schemes using piecewise discontinuous basis functions. The choice of flux depends on the type (hyperbolic, parabolic, elliptic) of the equation. Eqs. (9.a) and (9.b) are hyperbolic, and we use the flux-vector splitting method, e.g., see Weinhart [24] (Chapter 2), to find the flux at the inter-element boundary node j. That is, the flux f j ðuÞ for Eqs. (9.a) and (9.b) at the inter-element node j is given bŷ
k and P are eigenvalues and eigenvectors of matrix A. We note that the magnitudes of k 1 and k 2 equal the shear wave speed, and ffiffiffiffiffiffi ffi q l p equals the acoustic impedance for simple shear deformations of a linear elastic body. Heat conduction Eqs. (9.c) and (9.d) are parabolic and the alternating upwind scheme, e.g., see Li [16] , is used. That is,
Satisfaction of boundary conditions
The essential boundary conditions at y ¼ 0 (node 1) and y ¼ 1 (node Nl), and natural boundary conditions of zero heat flux at these nodes are satisfied as follows.
ASB initiation criterion
Following Batra and Kim [12] , an ASB is assumed to initiate at a material point when the shear stress there has dropped to 80% of its maximum value at that point, the material point is deforming plastically and deformations in its neighborhood are inhomogeneous. We recall that in Marchand and Duffy's [18] experimental work the torque dropped catastrophically when an ASB initiated. The drop in the shear stress is so rapid that a precise value of 80% or 70% of the maximum shear stress for the ASB initiation makes very little difference in the value of the ASB initiation time.
ASB width
In their torsional tests Marchand and Duffy [18] called the width, d ASB , of the intensely deformed region of uniform plastic strain as the ASB width. Batra and Kim [12] defined an edge of the ASB as the point where the effective plastic strain equaled 95% of that at the ASB center. Here the edge of the ASB is taken to be the point where the temperature equals 40% of the peak value of the temperature at the ASB center.
Computation and discussion of results
Following the common terminology the numerical scheme based on the above described Galerkin formulation of the problem employing piecewise discontinuous basis functions is called the Discontinuous Galerkin Method (DGM).
The coupled nonlinear ODEs (14) are integrated with respect to time t by using the subroutine LSODE taken from the ODEPACK developed by Radhakrishnan and Hindmarsh [25] . Results 
These values are for a typical steel with specimen of height 2.58 mm deformed at an average strain rate _ c 0 ¼ 500 s À1 , except that the value of the thermal softening coefficient a has been enhanced to reduce the computational time. The temperature rise in°C and the shear stress in MPa can be obtained by multiplying the corresponding non-dimensional values Fig. 4 . Comparison of the spatial variations of the velocity and the shear stress computed by the DGM using mesh 2; curves are plotted at intervals of 0.1 ls starting at t = 60.5 ls and curves labeled 1, 3, 5 and 7 represent solutions at t = 60.5, 60.7, 60.9 and 61.1 ls, respectively. by 89.6 and 333, respectively. In order to reduce the computational time, transient deformations of a homogeneous specimen are studied first, and the homogeneous solution is perturbed when w ¼ 0:1, h ¼ 0:1003, and c ¼ 0:0692. The time is reckoned from this instant of introducing the following perturbation in the uniform temperature and stress fields.
hð y; 0Þ ¼ 0:
The second term on the right side of the temperature field represents the perturbation with a large value at the center y ¼ 0. The perturbation in the temperature dies out quickly with an increase in y. The perturbation amplitude is purposely taken to be large to speed up the localization of deformation around the point y ¼ 0. The perturbation makes deformations of the specimen inhomogeneous, and the high temperature at points near y ¼ 0 softens the material more than that at other points of the specimen. This softer material deforms more rapidly which results in larger values of the energy dissipated Fig. 5 . Comparison of the spatial variations of the velocity computed by the FEM (a) and the DGM (b) using mesh 3; Curves are plotted at intervals of 0.1 ls starting at t = 60.5 ls and curves labeled 1, 3, 5 and 7 represent solutions at t = 60.5, 60.7, 60.9 and 61.1 ls, respectively. due to plastic working and thus in a larger increase in the temperature. This self-feeding process makes deformations localize in a narrow region around y ¼ 0. The perturbation can be regarded as representing the effect of a defect at y ¼ 0, with its maximum value proportional to the strength of the defect.
In the absence of an analytical solution of the problem, the converged numerical solution, sð y; tÞ, computed with the graded mesh Mesh 1:
and the FE code developed by Batra and Kim [12] is taken as the reference solution. Here yðjÞ is the y-coordinate of node j. In order to delineate the effect of the mesh size on the solution computed by the DGM and the FEM we used following meshes. g 0 ¼ sup jgð y; tÞj; 0 6 y 6 1;
where T equals the final time for the computation of the solution, andSð y; tÞ is the reference shear stress.
In Fig. 4 we have displayed spatial variations of the shear stress and the velocity at t ¼ 60:5; 60:6; 60:7; 60:8; 60:9; 60:10; 60:11; 60:12 ls computed by the DGM using mesh 2 and linear shape functions. For t < 60 ls the shear stress is essentially uniform throughout the specimen. At t = 60.5 ls one can see that the shear stress at the specimen center is less than that at points away from it. The shear stress begins to drop rather rapidly at this instant which becomes evident from the values of s at y = 0 at subsequent time intervals of 0.1 ls, and the time history of s at y = 0 plotted in Fig. 8 . Simultaneously with a catastrophic drop in s at y = 0, the temperature increases rapidly, and the velocity field exhibits a steep gradient at y = 0. Thus deformations localize in a narrow region around y = 0. The sharp drop in the shear stress at y = 0 results in an unloading elastic wave emanating from y = 0 and propagating outwards. The non-dimensional wave speed calculated from the shear stress values obtained with the FEM and the DGM equal 2478 and 2473, respectively. The analytical value of the wave speed, ffiffiffiffi f l q ; q is 2473.
The spatial variations of temperature at t = 0, 20, 40, 60.4 and 60.8 ls computed by the DGM using mesh 2 are shown in Fig. 7 and the evolution with time of the temperature at y = 0 is exhibited in Fig. 9 . From the plots of the temperature rise in a small region near y = 0 exhibited in Fig. 7b , one can conclude that the temperature in this region rises very rapidly during the 0.4 ls interval starting at t = 60.4 ls. Thus the time for the ASB formation is of the order of 50 ns. Even though it is not transparent from plots of Fig. 7b , the boundary condition of zero heat flux at y = 0 is well satisfied. The edge of the ASB where the temperature rise equals 40% of that at the specimen center is marked with the symbol D in Fig. 7b . Thus the band width equals 2 Â 0:00236 Â 2580 ¼ 12:18 lm.
In Fig. 5 we have displayed the spatial variations of the velocity at t ¼ 60:5; 60:6; 60:7; 60:8; 60:9; 61:00; 61:1; 61:2 ls computed by the FEM and the DGM using mesh 3. We note that the spatial distributions of the velocity and the stress computed with the FEM and mesh 3 exhibit oscillations whereas those found using the DGM are smooth. The spatial distributions of the error g in the shear stress computed by the DGM using meshes 2 and 3 are plotted in Fig. 6 . Values of g corresponding to mesh 2 are smaller than those for mesh 3. The large values of g corresponding to solutions computed with mesh 3 are due to a slight mismatch in the values of the shear stress at the same time computed by the two methods even though the time integration schemes are the same and the solutions have been computed for the same values of ATOL and RTOL. Values of the ASB initiation time, the ASB width, the speed of the elastic unloading wave and the error in the shear stress computed by the two methods and several meshes listed in Table 1 reveal that the FEM and the DGM give results very close to each other. As for the FEM, the mesh size and the degree of complete polynomials in the shape functions for an element affect the solution accuracy for the DGM. The numerical solution with the DGM using mesh 6 with quadratic polynomial shape functions has the lowest error of 6% amongst the seven combinations of the mesh and the basis functions tried in this work.
The effort and the computational resources required to analyze the problem by the DGM and the FEM are compared in Table 2 . As the DGM needs two unknowns for one variable at an inter-element node, the number of unknowns in the DGM with linear shape function is twice of that in the FEM using identical meshes. Thus the CPU time for the DGM is more than that for the FEM. However, the code based on the DGM is easy to parallelize because of the local formulation. Furthermore, in the DGM there is no assembly of matrices required. Adjerid et al. [26] have stated that the adaptive h-or p-refinement can be implemented at low computational cost in the DGM.
Conclusions
Simple shearing deformations of a thermo-elasto-viscoplastic body have been analyzed by using the Galerkin formulation of the problem and basis functions that are discontinuous across inter-element boundaries. The deformations are found to localize into a narrow region of intense plastic deformation known as an adiabatic shear band (ASB). No artificial viscosity is introduced to smoothen out the numerical solution. The ASB width and the ASB initiation time are found to agree well with those computed by the finite element method (FEM) as well as other meshless methods using basis functions derived by the moving least squares approximation and the modified smoothed particle hydrodynamics method. For the same number of finite elements and nodes, the number of unknowns when using the discontinuous basis functions is twice of that in the FEM because of twice the number of unknowns at a node on an inter-element boundary. Since there is no assembly of equations required, the algorithm can be easily parallelized. It is shown that the technique can capture well the sharp gradients in the solution that require more work in the FEM.
